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Abstract

Numerical calculations of the flow around an inclined elliptic cylinder oscillating in-line with the incident steady
are reported at Reynolds numberR = 103 and a fixed major–minor axis ratio of 0.5. The flow is incompressible and
dimensional, and the in-line oscillations are harmonic. These oscillations are superimposed on the constant translation
as a single-frequency perturbation to examine the effect of increase of the perturbation amplitude and angle of inclin
the near-wake structure and the hydrodynamic forces acting on the cylinder. The numerical results lead to the post
two regimes for vortex shedding depending on the angle of inclination, which are discussed in some detail for exempla
 2003 Elsevier SAS. All rights reserved.
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1. Introduction

The practical impetus for simulating the flow past cylindrical obstacles ranges from evaluation of the aerodynamic
exerted on aerofoils to modelling the flow-induced vibrations of cylindrical elements of offshore structures exposed to
This paper presents the results of a numerical study of the unsteady flow generated by an infinitely long elliptic cylind
is impulsively started into a uniform translational motionU combined with an oscillatory motion in-line with the horizon
direction of the translational motion. Specifically, the in-line oscillatory velocity has the formUm cos�ωt wheret is the time,
Um is the maximum oscillatory velocity and�ω = 2πf with f the forced frequency of oscillation. Here we consider an ellip
with major and minor axes 2a and 2b, placed in a viscous incompressible fluid so that its major axis is inclined at an an
incidenceη to the horizontal direction in which the cylinder is oscillating and translating. The motion is assumed to be l
and governed by the unsteady Navier–Stokes equations and the mass conservation equation. There are five dim
parameters characterizing the problem. These are: the Reynolds numberR = 2aU/ν whereν is the coefficient of kinematic
viscosity, the velocity ratioα = Um/U , the forcing Strouhal numberΩ = a�ω/U , angle of inclinationη and the minor-to-majo
axis ratio of the ellipser = b/a.

Most of the previous theoretical and experimental studies relates to circular cylinders under recti-linear oscillations.
review of circular cylinder oscillations of this type is provided by Riley [1], Sarpkaya [2] (see also Sumer and Freds
For flows induced by an elliptic cylinder performing translational oscillations in the presence of an oncoming uniform
references may be made only to the works of Okajima, Takata and Asanuma [4], and D’Alessio and Kocabiyik [5]. In
these studies the problem of the flow past an elliptic cylinder which is forced to oscillate transversely to the oncoming
flow when the cylinder is positioned asymmetrically relative to the main flow was considered. The works of Davids
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Riley [6], Taneda [7], Hall [8], Badr and Kocabiyik [9] were concerned with the case of purely translational oscillations of
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an elliptic cylinder placed in a quiescent viscous fluid and translational oscillations were allowed only about an axi
coincides with either the major or minor axis of the ellipse except for Hall [8]. D’Alessio and Kocabiyik [5] have summ
the above mentioned works on elliptic cylinders performing translational oscillations.

There has been no work on the related case with which this paper is concerned, i.e., the case in which the incline
cylinder vibrates in-line with the horizontal free-stream direction. The method of solution adopted here is based on
of truncated Fourier representations for the stream function and finite-difference method for solving the vorticity tr
equation. The method was successfully used for unsteady uniform flow over a stationary inclined cylinder by Stanifo
and is also applicable to uniformly translating inclined elliptic cylinders under rotary and recti-linear oscillations (s
example, D’Alessio, Dennis and Nguyen [11] and D’Alessio and Kocabiyik [5]). The essential purpose of the presen
is to examine the effects of the maximum oscillatory-to-translational velocity ratio and of the angle of inclination on th
structure in the near-wake region as well as on the hydrodynamic forces acting on the cylinder for a fixed Reynolds n
R = 103, forcing Strouhal number ofΩ = π , and the minor-to-major axis ratio ofr = 0.5. Calculations are made for modera
values of time for the cases:η = π/4 andα = 0.25, 0.5, 0.75 and forη = π/2 andα = 0.25, 0.5.

2. Formulation and method of solution

An elliptic cylinder whose axis coincides with thez-axis is placed in an unbounded cross-stream with approaching ve
U , and is positioned at an angle of inclinationη relative to thex-axis so that the major and minor axes are along the
of x andy, respectively. The cylinder is set in motion impulsively from rest at timet = 0 and is forced to perform harmon
oscillations in-line with the oncoming uniform flow. Unidirectional transverse oscillations of the cylinder are represented
velocity V (t) = Um cos�ωt . The physical model considered is shown in Fig. 1. In order to achieve a fixed grid with resp
the cylinder, it is necessary to use a non-inertial reference frame attached to the cylinder. Since the appropriate coord
the present problem are the elliptic coordinates(ξ, θ), we use the following transformation

x = cosh(ξ + ξ0)cosη, y = sinh(ξ + ξ0)sinη, (1)

where the constantξ0 = tanh−1(b/a) defines the surface of the cylinder. Using the elliptic coordinate system, with the o
at the center of the cylinder, the equations of motion can be written in terms of the vorticity (ζ ) and the stream function (ψ ) in
dimensionless form as

∂2ψ

∂ξ2
+ ∂2ψ

∂θ2
= M2ζ, (2)

∂ζ

∂τ
= 1

M2

[
2

R

(
∂2ζ

∂ξ2
+ ∂2ζ

∂θ2

)
+

(
∂ψ

∂θ

∂ζ

∂ξ
− ∂ψ

∂ξ

∂ζ

∂θ

)]
. (3)

Fig. 1. Coordinate system and flow configuration.
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The dependent variablesψ, ζ and τ in these equations are defined in terms of the usual dimensional quantities asψ∗ =
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Uaψ, ζ = Uζ/a andt = aτ/U , andM refers to the Jacobian of the transformation (1) is given by

M2 = 1

2

[
cosh 2(ξ + ξ0)− cos 2θ

]
. (4)

The boundary conditions to be satisfied are the no-slip and impermeability conditions on the surface of ellipse:

ψ = ∂ψ

∂ξ
= 0 whenξ = 0; (5)

the periodicity conditions:

ψ(ξ, θ + 2π, τ) = ψ(ξ, θ, τ), ζ(ξ, θ + 2π, τ) = ζ(ξ, θ, τ); (6)

and the free-stream conditions far away from the cylinder:

∂ψ

∂ξ
→ 1

2
eξ+ξ0

[
sin(θ + η)+ α cos(Ωτ)sin(θ + η)

]
asξ → ∞, (7a)

∂ψ

∂θ
→ 1

2
eξ+ξ0

[
cos(θ + η) + α cos(Ωτ)cos(θ + η)

]
asξ → ∞, (7b)

ζ → 0 asξ → ∞. (7c)

There is no explicit boundary condition for the vorticity on the cylinder surface. The surface vorticity can be computed f
known stream function distribution near the surface using (2); however, the large velocity gradient near the surface p
numerical obstacle to such computations. Alternatively, in this study, integral conditions are used to predict the surface
accurately. Detailed derivations of equations and boundary conditions similar to the ones used in this study are giv
recent work of D’Alessio and Kocabiyik [5] for the case an inclined elliptic cylinder under recti-linear oscillations in a tran
direction to that of the uniform free-stream. This section briefly summarizes the equations and the boundary condition

It may be shown that the conditions (5) and (7) can be combined, after integrating (2), to give another set of cond
global type, namely

∞∫
0

2π∫
0

M2ζ(ξ, θ, τ)dθ dξ = 0, (8a)

∞∫
0

2π∫
0

e−nξM2ζ(ξ, θ, τ)cos(nθ)dθ dξ = π eξ0
[
sinη + α cos(Ωτ)sinη

]
δ1,n, (8b)

∞∫
0

2π∫
0

e−nξM2ζ(ξ, θ, τ)sin(nθ)dθ dξ = π eξ0
[
cosη + α cos(Ωτ)cosη

]
δ1,n, (8c)

for all integersn � 1 with δm,n denoting the Kronecker delta function defined by

δm,n = 1 if m = n, δm,n = 0 if m 	= n.

These are employed in the solution procedure to ensure that all necessary conditions of the problem are satisfied.
that the satisfaction of (8a) is necessary in order for the pressure to remain a periodic function ofθ . These conditions also giv
constraints on the vorticity and can be used instead of the gradient conditions (7a,b) to calculate the surface vortic
are, in fact, equivalent to the one-dimensional form of the Green theorem constraint given by Dennis and Quartap
The method of solution is an extension of the method developed by Staniforth [10] that takes into account cylinder os
that are in-line with the horizontal direction of the uniform free-stream. In a recent work by D’Alessio and Kocabiyik [
numerical technique of Staniforth was successfully modified to compute the flow around an inclined elliptic cylinder su
to transverse oscillations whereby the stream function was expressed in the form of a Fourier series

Ψ (ξ, θ, τ) = 1

2
F0(ξ, τ) +

∞∑
n=1

(
Fn(ξ, τ)cosnθ + fn(ξ, τ)sinnθ

)
. (9)
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Because of the impulsive start, this gives rise to a singularity in the vorticity atτ = 0. Thus, it is impossible to represent the
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vorticity ζ at τ = 0 as required by a numerical scheme. Further, for smallτ , the vorticity cannot be accurately represented b
finite-difference scheme. To overcome these difficulties, we make the following boundary-layer type transformation

ξ = kz, k = 2(2τ/R)1/2; ψ = kΨ, ζ = ω/k, (10)

which maps the initial flow onto the scale of the boundary-layer thickness and removes the singularity in the vorticityτ = 0
due to the impulsive start. All the appropriate equations must be rescaled accordingly; for example,

Fn = kF∗
n , fn = kf ∗

n .

The equations and boundary conditions at the cylinder surface satisfied by the functionsf ∗
n , F∗

n are given by D’Alessio and
Kocabiyik [5] and the far field conditions in the present case take the form (suppressing all stars)

e−kzF0 → 0, e−kz ∂F0

∂z
→ 0, (11a)

e−kzFn → 1

2k
eξ0

[
sinη + α cos(Ωτ)sinη

]
δn,1, e−kz ∂Fn

∂z
→ 1

2
eξ0

[
sinη + α sin(Ωτ)sinη

]
δn,1, (11b)

e−kzfn → 1

2k
eξ0

[
cosη + α cos(Ωτ)cosη

]
δn,1, e−kz ∂fn

∂z
→ 1

2
eξ0

[
cosη + α cos(Ωτ)cosη

]
δn,1, (11c)

for n = 1,2, . . . . It is noted that the far-field conditions given by (11b,c) differ from those given in D’Alessio and Koca
owing to the difference in cylinder motions.

To initiate the integration procedure, the initial solution, obtained following the work by D’Alessio and Kocabiyik, att = 0
is used. This initial solution forms the starting point of the numerical integration procedure and is given by

ω0(z, θ,0) = 2√
π

eξ0

M0

[
sin(θ + η) + α sin(θ + η)

]
e−M2

0z
2
, (12a)

F0(z,0) = 0, Fn(z,0) = eξ0

M0
[sinη + α sinη]

[
M0zerf(M0z)− 1√

π

(
1− e−M2

0z
2)]

δn,1, (12b)

fn(z,0) = eξ0

M0
[cosη + α cosη]

[
M0zerf(M0z) − 1√

π

(
1− e−M2

0z
2)]

δn,1. (12c)

Here erf(M0z) denotes the error function andM2
0 = [cosh 2ξ0 − cos 2θ]/2.

3. Numerical integration procedure

The numerical method implemented to calculate the flow for finite but sufficiently high Reynolds number and m
values of the time, is similar to the numerical method of integration given by D’Alessio and Kocabiyik [5] and is des
below. The solutions of the transformed Navier–Stokes equations in terms of the boundary-layer coordinates(z, θ) for the
scaled vorticity,ω, is approximated using a scheme similar to the Crank–Nicolson implicit procedure to advance the s
step-by-step in time. At a timeτ the equation for the scaled vorticity can be written in the form

τ
∂ω

∂τ
= q(z, θ, τ), (13)

where

q(z, θ, τ) = 1

4M2
z

∂2ω

∂z2
+ z

2

∂ω

∂z
+ ω

2
+ k2

4M2
z

∂2ω

∂θ2
+ τ

M2
z

(
∂Ψ

∂θ

∂ω

∂z
− ∂Ψ

∂z

∂ω

∂θ

)
. (14)

The Crank–Nicolson finite difference approximation of Eq. (13) advances the known solution at timeτ to timeτ + %τ and is
given by

1

%τ

[
ω(z, θ, τ + %τ) − ω(z, θ, τ)

] = 1

2

[
q(z, θ, τ +%τ) + q(z, θ, τ)

]
, (15)

where%τ is the time increment. Sinceq(z, t) depends onω(z, t) and its derivatives the scheme is implicit. It is noted t
explicit methods of solution of the vorticity transport equation is computationally expensive since an extremely sm
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increment%τ is necessary to achieve numerical stability. The boundary conditions used in solving the vorticity transport
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equation include both the periodicity condition and the far-field conditions given by

ω(z, θ, τ) = ω(z, θ + 2π, τ) and ω(z∞, θ, τ ) = 0, (16a,b)

respectively. Since the problem is solved numerically, the condition at infinity (16b) is applied alongz = zm wherezm denotes
the outer boundary approximating infinity. Applying Eq. (15) at every mesh point in the range 0< z < zm results in a nonlinea
system of algebraic equations which is solved iteratively using the Gauss–Seidel procedure, after approximating a
derivatives in (14) using central differences. The boundary condition for the surface vorticityω(0, θ, τ ), which is needed to
complete the integration procedure, is found to be

ω(0, θ, τ ) = 1

πM2
0

2π∫
0

{
1

2

(
M2

z ω
)∣∣
z=0 +

∞∑
n=1

[(
M2

z ω
)∣∣

z=0 sinnθ + (
M2

z ω
)∣∣
z=0 cosnθ

]}
dθ. (17)

Equations for the Fourier componentsfn(z, τ) andFn(z, τ) of the scaled stream function at a fixed value ofτ are of the form

g′′
n − β2gn = rn(z, τ), (18)

whereβ = nk and the prime refers to differentiation with respect toz. A straightforward finite difference solution for th
equation may result in an unstable solution especially for largeβ. The method of solving these equations accurately
specialized method dependent on the parameterβ and is very closely linked to the satisfaction of the integral conditions
We shall give a description of the basis of this procedure here. This was not explained in detail by D’Alessio and Kocab
Eq. (18) can be split into two first order equations by introducing the functionsPn andQn such that

Pn = ∂fn

∂z
− βfn, Qn = ∂fn

∂z
+ βfn. (19a,b)

Then,

∂Pn

∂z
+ βPn = rn,

∂Qn

∂z
− βQn = rn, (20a,b)

and consequently

fn = Qn − Pn

2β
, fn

′ = Qn +Pn

2
(21)

with

Pn = Qn = ∂Pn

∂z
= ∂Qn

∂z
= 0 (22)

on the cylinder surface. The first of Eqs. (20) can be integrated in the direction of increasingz to obtain

Pn(z + h, τ) = γPn(z, τ) + γ e−βz

z+h∫
z

eβξ rn(ξ, τ)dξ, (23)

whereγ = e−βh. A very simple step-by-step formula is obtained by assumingrn(z, τ) to be constant inz � ξ � z + h and
equal to its value atξ = z, for example. This gives

Pn(z + h, τ) = γPn(z, τ) + (1− γ )rn(z, τ)/β, (24)

which is stable sinceγ < 1.
More accurate formulae can be obtained by using other methods of evaluating the integral in (23). For example

approximatern(z, τ) by a linear function ofz on the intervalz to z + h and evaluate the integral in (23) by parts whereh is the
step size inz-direction. An even more accurate formula on the intervalz to z + 2h can be found by approximatingrn(z, τ) by
a quadratic over the three grid points on the interval. This method, known as Filon integration, yields the result

Pn(z + 2h, τ) = γ 2Pn(x, τ) +
[

1− γ 2

h2β3
+ 3γ 2 − 1

2hβ2
− γ 2

β

]
rn(x, t) − 2

[
1− γ 2

h2β3
− 1+ γ 2

hβ2

]
rn(x + h, t)

+
[

1− γ 2

h2β3
− γ 2 + 3

2hβ2
+ 1

β

]
rn(z + 2h, τ). (25)
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Eq. (24) can be improved for the first intervalz = 0 to z = h by using a parabolic approximation torn(z, τ) and fitting it to the
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three points atz = 0, h, 2h. Thus we calculatePn(h, τ) from

Pn(h, τ) = γPn(0, τ ) +
[

1− γ

h2β3
+ 1− 3γ

2hβ2
− γ

β

]
rn(0, τ )

−
[

2(1− γ )

h2β3
− 2γ

hβ2
− 1

β

]
rn(h, τ)+

[
1− γ

h2β3
− 1+ γ

2hβ2

]
rn(2h, τ). (26)

Hence from a given approximation torn(z, τ) at a given time we can generate a solution forPn using first (26) and then (25)
step-by-step. If we follow the same procedure with (20b) forQn the method is highly unstable with an exponential error grow
However, the integration backwards fromz = zm is stable provided that we can specify a condition forQn at z = zm. To do
this we assume thatzm is large enough that the uniform stream conditions relative to the cylinder are established and
flow at z = zm is unaffected by transport of vorticity from the regions nearer to the cylinder. This is in any case implied
assumptions (16b). Under these assumptions at timeτ we then have that

Qn(zm, τ) = 2δn,1 ezmβ . (27)

In performing this backward integration we must ensure that when the boundaryz = 0 is reached the functionQn(z, τ) shall
become zero. The functionQn satisfies

∂

∂z

(
Qne−βz

) = e−βzrn, (28)

and hence integrating fromz = 0 to z = zm we obtain, using the result (27),

−Qn(0, τ ) + 2δn,1 =
zm∫
0

e−βzrn(z, τ)dz. (29)

Hence if the conditions (8) are satisfied with the upper limit in the integral replaced byzm, it follows from (29) that
Qn(0, τ ) = 0, as required. The backward step-by-step formula obtained from (20b) is given by

Qn(z, τ) = γQn(z + h, τ)− eβz
z+h∫
z

e−βξ rn(ξ, τ)dξ, (30)

and we can easily obtain backward integration formulae corresponding to (25) and (26) by simple modifications
formulae. The formula corresponding to (26) serves to calculateQn(zm − h, t) and then that corresponding to (25) continu
the backward integrations. A discussion of the numerical stability of the method has been given in Dennis and Chang
main point in the use of these special methods whenβ 	= 0 is that the solution of (18) can be obtained whenβ is reasonably
large using the same grid sizeh.

The whole iterative numerical scheme can be summarized as follows.

1. At time τ + %τ , the known solution (12) at timeτ (≡ 0) is used as initial data. The matrix system resulting from (15
solved using the most recently available information to obtain the functionsω(z, θ, τ + %τ).

2. Apply the integral conditions (8) to obtain a better approximation forω(0, θ, τ + %τ).
3. Solve equation of the form (18) using the stable step-by-step numerical procedure mentioned above to obtainfn(z, τ +%τ)

andFn(z, τ + %τ).
4. Repeat steps 1, 2 and 3 until convergence is reached. The condition set for convergence is|ω(m+1)(z, θ, τ + %τ) −

ω(m)(z, θ, τ +%τ)| < 10−5, wherem denotes the iteration number.
5. Increment time and return to step 1.

It may also be necessary to subject the surface vorticity to under-relaxation in order to obtain convergence. Follo
start of fluid motion, very small time steps (%τ = 10−5) are taken since the time variation of the vorticity field is quite fast
to the impulsive start. However, as time increases the time step is gradually increased until reaching%τ = 0.01. The grid size
%z in the coordinatez, defined byξ = 2(2t/R)1/2z, is more or less independent ofR. The number of points in thez-direction
is taken as 201 with a space step of%z = 0.06. This makesz∞ = 12 which sets the outer boundary at a physical dista
of about 40 major axis lengths away for a Reynolds numberR = 103 and timeτ = 12. Thus the boundary is sufficiently fa
away so that the application of the boundary conditions (11a)–(11c) does not affect the solution in the viscous reg
the cylinder surface. The maximum number of terms retained in the series (9) was 51 which corresponds to an uppe
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N = 25 in the sums. Checks are made forR = 103 at several typical values ofτ to ensure thatN is large enough. This is
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done by increasingN and observing that the solution did not change appreciably. The computational parameters are
extent chosen to be comparable with those used by D’Alessio and Kocabiyik [5], since these were found to be sa
and were checked carefully. Moreover, this scheme is tested against the results of Staniforth [10] for the non-oscilla
purely translating) case using similar Reynolds numbers; tests indicate that solutions are quite accurate. Finally, we
the numerical method described may be used to continue the solution for increasingτ in terms of the physical coordinateξ
when the boundary layer thickens. However, in the present paper, only the case ofR = 103 is presented, and it is possible
work in terms of the boundary-layer coordinatez over the entire range ofτ considered.

4. Results

If L and D are the lift and drag on the cylinder, the total drag,CD , and total lift, CL, coefficients are defined b
CD = D/ρU2a andCL = L/ρU2a, respectively. The drag and lift coefficients can be obtained from

CD =
[

2sinhξ0

R

2π∫
0

(
∂ζ

∂ξ

)
ξ=0

sinθ dθ − 2coshξ0

R

2π∫
0

(ζ )ξ=0 sinθ dθ

]
cosη

+
[

2coshξ0

R

2π∫
0

(
∂ζ

∂ξ

)
ξ=0

cosθ dθ − 2sinhξ0

R

2π∫
0

(ζ )ξ=0 cosθ dθ

]
sinη − παΩ sin(Ωτ)coshξ0 sinhξ0, (31)

CL =
[

2sinhξ0

R

2π∫
0

(
∂ζ

∂ξ

)
ξ=0

sinθ dθ − 2coshξ0

R

2π∫
0

(ζ )ξ=0 sinθ dθ

]
sinη

+
[
−2coshξ0

R

2π∫
0

(
∂ζ

∂ξ

)
ξ=0

cosθ dθ + 2sinhξ0

R

2π∫
0

(ζ )ξ=0 cosθ dθ

]
cosη, (32)

where the first and the third integrals in each gives the coefficient due to the pressure and the second and the fourt
to friction. We note that the fifth term ofCD is the inviscid drag coefficient due to the accelerating imposed flow which w
have been exerted on the fluid displaced by the cylinder.

The numerical results are grouped in three cases (i)η = π/4, (ii) η = π/6,π/3, (iii) η = π/2 with R = 103, Ω = π and
r = 0.5 to investigate effects of angle of inclinationη and of the velocity ratioα, respectively. In the case ofη = π/4 the
problem is solved for three values of the velocity ratio,α = 0.25,0.5,0.75. The case ofη = π/2 the problem is investigated fo
α = 0.25,0.5. On the other hand, in the cases ofη = π/6, π/3 the calculations are carried out only for the case whenα = 0.5.
The results are presented in the form of streamline patterns as well as the variations of the drag and lift coefficients w
In all streamline plots to be presented the oncoming flow is from right to left.

4.1. Streamline patterns forR = 103, Ω = π andr = 0.5 when0.25� α � 0.75

To discuss the effect of the angle of inclination on the vortex patterns the flow is calculated withη = π/6,π/4,π/3,π/2
when 0.25� α � 0.75. Since all cases considered havef = 0.5 orT ≡ 1/f = 2 as the period of cylinder oscillation, a comple
cycle consists of the following four stages: atτ = 0 the ellipse starts to oscillate with its maximum velocity to the right an
τ = 0.5 the ellipse reaches its maximum horizontal displacement in the positive horizontal direction and is in an instan
state of rest; atτ = 1 the ellipse is in its equilibrium position and attains maximum velocity to the left; atτ = 1.5 the ellipse
is at its maximum horizontal displacement in the negative horizontal direction and is again in an instantaneous stat
and finally atτ = 2 the ellipse is in its starting position and this pattern repeats itself. At the forced frequency of osc
f = 0.5 considered in this study, synchronized vortex modes become locked to the cylinder oscillations which are hig
the otherwise natural Kármán vortex shedding frequency.

Streamline patterns are portrayed in Fig. 2 for the case ofη = π/6 whenα = 0.5. Vortex shedding is initiated from th
left side of the cylinder during the first quarter of the oscillation cycle after the start of the fluid motion and two opposi
vortices are shed in the first half-cycle of oscillation. After a while this vortex pair detaches and moves downstream i
the alternate vortex shedding process. Figs. 2(a)–(e) show five snapshots of the flow at instants in time during the s
of oscillation for the time interval 10.0 � τ � 12.0. Close to the cylinder, Fig. 2(b), two adjacent vortex pairs of the same
exist in the upper half of the cylinder and are shed away to form a double co-rotating vortex pair at timeτ = 11. Moreover,
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(continued on next page)



S. Kocabiyik, S.J.D. D’Alessio / European Journal of Mechanics B/Fluids 23 (2004) 279–302 287

ylinder
nstream
, when
ainst the
moving
(e)

Fig. 2. Instantaneous streamlines of the flow forR = 103, Ω = π, r = 0.5, η = π/3 andα = 0.5: (a) t = 10, (b) t = 10.5, (c) t = 11,
(d) t = 11.5, (e)t = 12.

(a)

(b)

(c)
(continued on next page)

a two-in-one, coalescence between two vortices of like sign (double co-rotating vortex pair) in the lower half of the c
is also observed atτ = 11. With the increase of time these double vortex pairs become weak and are convected dow
with the aid of the unidirectional cylinder motion. This continues until the end of the sixth complete oscillation, Fig. 2(e)
the oscillatory velocity is maximum. At even times the streamlines are closest together since the cylinder moves ag
incoming flow thus increasing the relative velocity; at odd times the streamlines are furthest apart since the cylinder is
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(h)

(i)

(j)

(k)

Fig. 3. Instantaneous streamlines of the flow forR = 103, Ω = π, r = 0.5, η = π/4 andα = 0.5: (a) t = 10, (b) t = 10.5, (c) t = 11,
(d) t = 11.5, (e)t = 12, (f) t = 18, (g)t = 19, (h)t = 20, (i) t = 22, (j) t = 23, (k) t = 24.
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Fig. 4. Instantaneous streamlines of the flow forR = 103, Ω = π, r = 0.5, η = π/6 andα = 0.5: (a) t = 2, (b) t = 3, (c) t = 4, (d) t = 5,
(e) t = 6, (f) t = 6.5, (g) t = 7, (h) t = 7.5, (i) t = 8, (j) t = 10, (k) t = 10.5, (l) t = 11, (m)t = 11.5, (n) t = 12.

in the same direction as the incoming flow thus reducing the relative velocity. At half times (i.e.,τ = 10.5,11.5) the cylinder is
momentarily at rest.

Shown in Fig. 3 are eleven snap shots of the flow for the case ofη = π/4. In the near wake, vortex patterns are synchroni
with the cylinder oscillation and they are similar to those for the smaller inclination angle(η = π/6) during the sixth cycle
when 10.0 � τ � 12.0, showing periodic behaviour. Figs. 3(f)–(k) illustrate the flow at six instants in time during the tent
twelfth cycles of oscillation for the time intervals 18.0 � τ � 20.0 and 22.0 � τ � 24.0, respectively. The vortices in the ne
wake are simply the result of one vortex in each half oscillation cycle. Also, a double co-rotating vortex pair is observed
the near-wake every other cycle (see for example Figs. 3(c)–(j) atτ = 11,23). In the near-wake, the vortex modes in the c
of η = π/4 whenα = 0.25,0.75 (not shown here) are similar to the case ofα = 0.5.

In Fig. 4 the angle of inclination is increased toη = π/3 and the instantaneous streamline patterns are plotted durin
time interval 2.0 � τ � 12.0. It is found that the near-wake structure share many similarities with the other cases con
previously. During each cycle, two small-scale vortices of opposite sign are shed alternately from the upper and lowe
the cylinder. Moreover, a two-in-one, coalescence between two vortices of like sign is observed beyond the near wa
cycle (see for example Figs. 4(b, d, g, l) atτ = 3,5,7,11).

Comparison of the Figs. 4(a)–(e) with the corresponding ones for the cases ofη = π/6,π/4 indicates that, with the increas
of η, the size of the separated flow region decreases whereas the vortex shedding process speeds up slightly. This in
rate at which the flow reaches a periodic state. The only other point worth emphasizing is that the lateral spacing of t
street seems to be increasing asη increases fromπ/6 toπ/3.

The time variation of the streamline patterns for the caseη = π/2 is shown in Figs. 5(a)–(k) for selected values ofτ between
τ = 2 and 12. Fig. 5(a) shows the streamlines when the oscillatory velocity is zero. This figure shows a pair of sy
co-rotating vortices in the regions 90◦ � θ � 180◦ and 180◦ � θ � 270◦ . After a while, this vortex pair detaches and mov
downstream, initiating an alternate shedding process. It is noted that atτ = 4 and 6.5 the two co-rotating vortex pairs are sh
away to form adjacent vortices of the same sign. The interval betweenτ = 6 andτ = 8 represents the fourth complete oscillati
cycle following the start of the motion. Figs. 5 (e), (g) and (i) represents the situation at the beginning, middle and en
oscillation respectively. On the other hand, Figs. 5 (f) and (h) represent the times at which the oscillatory motion c
a complete rest. At the end of the sixth cycle whenτ = 12 we once again observe shedding of a double co-rotating v
pair in the cylinder wake and the movement of it in the downstream direction. For larger times Figs. 5(l)–(t) exhibit a
asymmetrical mode of vortex formation as expected: the streamline patterns show alternate shedding of vortices fr
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side of the cylinder over an oscillation cycle; this is the classical mode of vortex shedding leading to formation of theármán
street. This asymmetry first becomes apparent atτ = 12. During the time interval 14� t � 24 for odd times (τ = 15,17) the
streamlines are spaced much further apart than for even times(τ = 14,16,18,20,22,24). This is because of the increase
velocity relative to the cylinder due to the inline oscillations. Also, the periodic nature of the flow field in the near wake
to develop after the tenth cycle of oscillation: Figs. 5 (s) and 5 (t) are almost the same, showing the repetitive nature o
field atτ = 22 andτ = 24. Small deviations between these streamline patterns are due to the fact that numerical solu
not advanced far in time to achieve an exact periodic flow field.

Comparison of these figures with the corresponding ones in the cases ofη = π/6,π/4,π/3 indicates that although th
vortices are the result of single vortex shedding in each half cycle of the oscillation; the near-wake structure is dr
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different from the ones obtained in the case ofη = π/2. Two distinct forms of vortex street were observed when the incl
elliptic cylinder was vibrated in-line with the flow. First of these, when 0< η < π/2, is characterized by the shedding of tw
vortices of opposing sign during each cycle of the cylinder’s motion. The resulting pattern has vortices of like sign, but t
wake can be characterized generally as an alternating street of vortex pairs with each pair made up of two vortices of
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Fig. 5. Instantaneous streamlines of the flow forR = 103, Ω = π , r = 0.5, η = π/2 andα = 0.5: (a) t = 2, (b) t = 3, (c) t = 4, (d) t = 5,
(e) t = 6, (f) t = 6.5, (g) t = 7, (h) t = 7.5, (i) t = 8, (j) t = 10, (k) t = 12, (l) t = 14, (m)t = 15, (n) t = 16, (o) t = 17, (p)t = 18, (r) t = 20,
(s) t = 22, (t) t = 24.

Fig. 6. Variation of the total drag and lift coefficients, (a)CD and (b)CL, with τ atR = 103, Ω = π, r = 0.5, η = π/6: α = 0.5.

rotation. The second form of street, whenη = π/2, is characterized by the shedding of unusual two vortex pairs during
cycle of the motion. The resulting pattern is very complex and each pair involves vortices of like sign in the near-wake

4.2. Force coefficients forR = 103, Ω = π andr = 0.5 when0.25� α � 0.75

To discuss the effects of the angle of inclination and the velocity ratio on the force coefficients results are pres
Figs. 6–9 for the cases ofη = π/6,π/4,π/3,π/2 when 0.25� α � 0.75. These figures indicate the periodic variation of
flow field associated with vortex shedding. For all cases, both lift and drag coefficients vary at the cylinder frequency
are out-of-phase with each other. It is noted that maximum values forCL are attained near the equilibrium position of t
cylinder during the unidirectional motion of the cylinder in the horizontal direction.

Fig. 7 shows the variations of drag and lift coefficients for the case ofη = π/4 whenα = 0.25,0.5,0.75. The amplitude o
oscillation of bothCD andCL tend to be larger as the velocity ratio increases. The maximum values ofCD for each value ofα
are in phase with each other.



300 S. Kocabiyik, S.J.D. D’Alessio / European Journal of Mechanics B/Fluids 23 (2004) 279–302

t
de of the

elliptic
n and

o-in-one,
er. Drag
(a)

(b)

Fig. 7. Variation of the total drag and lift coefficients, (a)CD and (b)CL, with τ atR = 103, Ω = π, r = 0.5, η = π/4: α = 0.25,0.5,0.75.

Fig. 9 shows the time variation of the drag coefficient for the case ofη = π/2 whenα = 0.25, 0.5. Here, the drag coefficien
varies at the cylinder oscillation frequency. It can be also seen that the increase of the velocity ratio makes the amplitu
fluctuating drag force,CD , slightly larger.

5. Conclusions

The present paper summarizes results of numerical flow investigations with flow being induced by an inclined
cylinder which is subject to harmonic rectilinear oscillations in-line with the flow. The effects of the angle of inclinatio
velocity ratio are discussed. The cases ofη = π/6,π/4,π/3,π/2 are calculated in a range of velocity ratio 0.25� α � 0.75
at the Reynolds number ofR = 103 and the forcing Strouhal numberΩ = π when r = 0.5. Two distinct forms of vortex
street were observed depending on the values of the angle of inclination. In all the cases considered in this study, a tw
coalescence between two vortices of like sign (double co-rotating vortex pair) is observed on one side of the cylind
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Fig. 8. Variation of the total drag coefficient,CD with τ atR = 103, Ω = π, r = 0.5, η = π/3: α = 0.5.

Fig. 9. Variation of the total drag coefficient,CD with τ atR = 103, Ω = π, r = 0.5, η = π/2: α = 0.25,0.5.

and lift forces are extracted from the computations and shown to be dependent upon forced oscillation amplitude and
inclination. They oscillate with the forcing frequency of the cylinder.

A word of explanation is needed regarding the applicability of two-dimensional results. Although physically the wa
be three-dimensional, we believe that it can be represented reasonably well by a two-dimensional model in the n
region which this study focuses on. On the evidence that spanwise correlations of forces, wake vortices, etc. all incr
transverse cylinder vibration at a frequency at or near the vortex shedding (e.g., Ramberg and Griffin [14] and Black
Henderson [15]) it is reasonable to suggest that harmonic motion of a long cylinder seems to suppress the three-dime
and produce flows that are more two-dimensional than their fixed-cylinder counterparts, at least in the near wake regi
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